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The Flat and the Curved Punctured Sphere
Do not Confuse Curvature with Bending

Levi Civita Connection D and Nunes Connection 
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The Gravitational Field in GR
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As mentioned in section 3.8, conservation laws have a grea

:

1. Which is the topology of ?

2. There are no conservation laws for energy-momentumand angular momentumi

Problems with the GR model

"

n .

M

GR



t predictive power.

It is a shame to lose the special relativistic total energy conservation law(Section 3.10.2) in general relativity.

Many of the attempts to resurrect it are quite interesting; man

(Sachs&Wu, General Relativity for Mathematicians, pp.

y are simply

97-98, Sprin

garbag

ger 1

e."

977)

 

:

i represent the gravitational field by a different geometrical model, e.g., e.g.,a , , , , ;

• (ii) represent the gravitational field as a fie

Possible soluti

ld

ons

in

teleparallel spacetime M g g



  

Faraday sense living in spacetime , , , , .Minkowski M D  


models a gravitational field generated by a given energy-momentum tensor     by a Lorentzian spacetime

, , , , , where   is a noncompact (locally compact) 4-d Hausdorff manifold, is a Lore

GR T

M D M



 gg g

4

ntzian metric field,

is the Levi-Civita connection of , sec is a orientation, is a time orientation.D T M   gg
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Alternative Representation for a
Reliable Gravitational Field

 Suppose is , i.e.: four vector fields sec , 0,1, 2,3, and is a for .
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Geroch, R. Spinor Structure of Space-Times in General Relativity I,( .
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to admit spinor fields is that the orthonormal frame bundle be trivial. (thus parallelizable)
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Let , sec be the corresponding , ( ) . Suppose moreover
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sec defines a (positive) ieor

dual basis

closed

T M

d

T M





  

 

     

ea a a a
b b

a a

0 1 2 3

a

g g g

g g

g g g g
2

0

ntation for .

Define a in by . Define sec .

is a (according to ) and defines a for .

Lorentzian metric

global timelike vector field time orientation

M

M g T M

M

      

 

g e e

e g

a b ab
ab a b

0

g g

1
Since some of the 0, we have [ , ] and moreover .

2
d c d c     e e ea k a k a b

a b ab k abg g g g
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Now, before proceeding we suppose that:
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The Many Faces of Maxwell Dirac and Einstein Equations A Clifford

Bundle Approach
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The Potentials { } as Representatives of the Gravitational Fieldag

:

is the gravitational Lagrangian

is the matter Lagrangian

:

1 1 1
( ) ( ). ( )

2 2 4

The form of this Lagr

g m

g

m

g
g g gg g

d

Lagran

d d

gian Densit
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 

 

        

Postulate

  a a a b
a a a bg g g g g g g g

 





 

angian is notable, the first term is Yang-Mills like, the second one is a kind of

gauge fixing term and the third term is an autointeraction term describing the interaction of the

of the pvorticities otentials.

Before proceeding we observe that this Lagrangian is not invariant under arbitrary point

of the basic cotetrad fields. In fact, if , , wher

dependent

Lorentz rotations R R x M    a a a b a
bg g g g

1,3 1,3

e

( ) , the homogeneous and orthochronous Lorentz group and ( ) we get

exact differential.

So, the field equations derive

g g

x L R x Spin
  

  

a
b

 



d from the variational principle results invariant under a change of gauge.
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The Field Equations
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Maxwell Like Form of the Field Equations
Recall that and define:

1
: [( ) ( )], (5)

2

and a

g g g g

possible legitimate energy momentum tensor for the gravit

d

d d

ational field

 

     h    

d d

a
d d a d a

g

g g g g g



 a

. (6)

Then, recalling Eq.(1) and the definition of , we can write the Maxwell like

equations for the grav

g

t



 hd d dt

itational field: (a) 0, (b) ( ). (7)
g

d    d
d d dt 

1 1 2

Compare Eqs.(7a) and (7b) with Maxwell Equations in the Structure , , , .

sec , sec , sec ,

0, . (8)

e

e
g

M

A T M J T M F dA T M

dF F J





  

  

      

  

gg
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acting on sec ( , ) in , , , , :

: = ; , . 9( )
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The Lagrangian density (Eq.( )) for the gravitational field ,

1 1 1
( ) ( ),

2 2 4
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differs from the Einstein Hilbert Lagrangian density by an exact di

2
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d
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, is involved. 10



From the Eq.(7b) ( ( )) it follows trivially that

( ) 0, (16)
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e ea a
a a

a a
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x x x
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v v T M d 
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V

V E E E E E ea a

v v
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matter fields by:

1 1
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8 8B Bg g
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8 8

g g g

B Bg g

d t

P P P t
  

  

       E

d d d

d d d d d
d

   

  
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Hamiltonian Formalism
If we define as usual the canonical momenta associated to the potentials by /

and suppose that this equation can be solved for the as function of the we can introd

,

uce a

g
g

Legen

d

d

     a a
a a

a
a

g p g

g p
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Put ( ): ( ( )). Observe that defining
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d d
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we can obtai de

) / / ( ) / /

( ) ( ) / ( )

tails inn ( )

,

...

( , ) ( , ) . (21)/

To de

g

g g g

Gravitation as a Pl

d

d
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d
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be given by the fow of an arbitrary timelike vector field sec , such that ( , ) 1TM gZ Z Z
1

. Moreover we define

( , ) sec is generated by the Lie derivative .

Cartan's magical formula and

( , ). With this choise the variatio

some trick algebra (details in

nZ T

Gravitatio

M g

n as a Plas

M   g ZZ # L
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(
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From Eqs.( 22) and (23)we have when the field

Hamiltonian
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 

 

 
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.is a conserved Noether current
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Meaning

/ . (26)

. Consider an arbitrary spacelike surface .

Write: (25)

Some algebra shows that:

of the boundary t

,
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Z dB
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2 1

Instead of choosing an arbitrary unit timelike vector field start with a global timelike vector field

sec such that ( ,) sec ( , ), where iTM n N dt T M M g N



    

Relation with the ADM Energy Concept

g

Z

n n #

0
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
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Some (trick) algebra gives , ( )= , , (35)
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If we choose it may happen that 0, and thus it does not determine

a spacelike hypersuperface . However, all algebraic calculations up to Eq.(35) above

are va

ADM

t

n d





  0 0 0

E E for Isolated Systems

g g g

lid (and of course ). So, if we take a spacelike hypersurface such that at

spatial infinity the ( ( ) ) are tangent to , and / is orthogonal to ,

then we have since in this
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
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case recalling Eq.(2) for 0, i.e.,
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is the asymptotic value of (taking into account that at spatial infinity 0).
g

d 0 0g 
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Conclusions
• We recalled that a gravitational field generated by a given energy-

momentum tensor can be represented by distinct geometrical
structures and if we prefer, we can even dispense all those geometrical
structures and simply represent the gravitational field as a field in the
Faraday's sense living in Minkowski spacetime. The explicit Lagrangian
density for this theory has been given and the equations of motion
presented in a Maxwell like form and shown to be equivalent to
Einstein's equations in a precise mathematical sense. We hope that
our study clarifies the real difference between mathematical models
and physical reality and leads people to think about the real physical
nature of the gravitational field (and also of the electromagnetic field
as suggested, e.g., by the works of Laughlin and Volikov. We discussed
also an Hamiltonian formalism for our theory and the concepts of
energy defined by Eq.(29) and the one given by the ADM formalism.
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