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Abstract
In this paper we evince a rigorous formulation of duality in gravitational
theories where an Einstein-like equation is valid, by providing the conditions

under which *7* and *R% may be considered as the torsion and curvature
g g

2-forms associated with a connection D’, part of a Riemann—Cartan structure
(M,g', D'),inthe casesg’ = gand g’ # g, once 7* and R are the torsion and
curvature 2-forms associated with a connection D part of a Riemann—Cartan
structure (M, g, D). A new form for the Einstein equation involving the dual
of the Riemann tensor of D is also provided, and the result is compared with
others appearing in the literature.

PACS numbers: 02.40.—k, 04.50.Kd
Mathematics Subject Classification: 15A66, 83C99

1. Introduction

There have been a number of papers trying to provide evidence of a possible analogy between
electromagnetism and gravitation, in order to elicit a gravitational analog for the magnetic
monopole that appears in the generalized Maxwell equations with magnetic and electric
currents®. Some of these earlier papers are in* [10, 19, 20]. Ten years ago Nieto [21] developed
an analog of S-duality’ for linearized gravity in (3 + 1) dimensions (see also [14, 15, 22])

3 Insuch theory, see, e.g., [17,29] which uses two potentials, the electric and magnetic currents are phenomenological,
i.e. the magnetic current is not a result of a U (1) gauge theory formulated in a nontrivial base spacetime. So, in the
theory which uses two potentials there are no Dirac strings at all. Unfortunately, this result is sometimes overlooked
in presentations of the monopole theory and in the proposed gravitational analogies of that concept.

4 One of the motivations of [10] was eventually to obtain a quantization of mass.

3 Duality and S-duality have been also studied extensively in non-Abelian gauge theories, see, e.g. [18, 24, 31] and
references therein.
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and generalizations of that idea of duality for gravitational theories in more dimensions appear,
e.g., in [1-3, 5-7, 12, 13]. In particular for the case of gravity in (3 + 1) dimensions, a set
of equations have been proposed for Einstein equations, Bianchi identities and their duals,
although mainly used in the linear approximation.

The main aim of this note is to derive exact equations that must be satisfied by the
dual Einstein equations and for the duals of the torsion and curvature 2-forms of a general
Riemann—Cartan structure (M, g, D). We study in which conditions the dualized objects
realize a Riemann—Cartan structure (M, g, D’), or even a (M, g’, D’) one. In doing so we
find that the correct field equations for a dual theory (in a precise mathematical sense defined
below) are at variance with ones proposed in some of the above mentioned papers. In doing
so we hope that the present note be useful for those pursuing the interesting ideas of duality
in gravitational theories.

The paper, which uses an intrinsic formulation of the theories presented, is organized as
follows. In section 2 we present some necessary preliminaries that serve, besides the proposal
of introducing our notation, also for the purpose of presenting what it is understood here by a
Riemann—Cartan gravitational theory. In this section we also review the Bianchi identities for
the torsion and curvature 2-forms 7% and R% of (M, g, D) in intrinsic and component forms,
because those formulas for a Riemann—Cartan theory are not well known as they deserve to
be, and sometimes concealed from the formalism. In section 3 we introduce the Ricci 1-form
fields R* and the Einstein 1-forms fields G* [27], and further prove a proposition containing
a formula that relates the dual #R* of R* to a sum, involving the dual of the Riemann tensor

g
and an important formula for the dual *G* of G#, that permits us to write Einstein equations
g

in a suggestive way concerning duality structures. In section 4 we provide the correct dual
of Einstein equation in Riemann—Cartan theory. In section 5 we delve into the formalism

under which conditions *7“ and *R may be considered as the torsion and curvature 2-forms
g g

associated with a connection D’ part of a Riemann—Cartan structure (M, g, D’). Our result
is then compared in section 6 with the ones, e.g., in [1], which are then commented and
analyzed in the present context. In section 7 we study the same problem as in section 5 but

this time asking the conditions under which 7 and *R% may be considered as the torsion
g g

and curvature 2-forms associated with a connection D’ part of a Riemann—Cartan structure
(M, g', D') with g’ # g. In section 8 we present our conclusions. The paper contains some
appendices reviewing the definition of the exterior covariant derivative of indexed form fields,
the decomposition of the Riemann and Ricci tensors of a general Riemann—Cartan structure
(M, g, D), together with their respective similars for a Lorentzian structure (M, g, b), needed
to perceive some statements in the main text. There is also an appendix containing a collection
of identities involving the contraction of differential forms and Hodge duals used in the
derivations hereon.

2. Some necessary preliminaries

We start this section by recalling some germane facts concerning the Riemann—Cartan
structures and a particular and outstanding case of those structures, the Lorentzian one,
which serves for the purpose of fixing our notations, besides other relevant properties
and prominent applications. In what follows a general Riemann—Cartan structure will be
denoted by (M, g, D). Here M is a four-dimensional Hausdorff, paracompact, connected
and noncompact manifold, g € sec TZOM a metric tensor field of signature (1, 3), D is an
affine connection [8, 9, 11] on M. Also the connection D is metric compatible, i.e. Dg = 0
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and, moreover, for a general Riemann—Cartan structure the torsion and curvature tensors® of
D—denoted by 7 and R—are non null. When 7 = 0 and R # 0, a Riemann—Cartan structure
is called a Lorentzian structure and will be denoted by (M, g, lo)).7 When R = 0 a Lorentzian
structure is called the Minkowski structure. To present the definition of 7 and R, and the
conventions used in this paper, first the torsion and curvature operations are introduced.

Definition 1. Let u,v € sec T M. The torsion and curvature operations of a given affine
connection [9] D are respectively the mappings: T : secTM @ secTM — secTM and
p:secTM ®secTM — End(sec T M) given by

T(w, V) = Dyv — Dyu — [u, v], (1)
p(u7 V) = DuDv - DvDu - D[u,v]~ (2)

Definition 2. Letu, v, w € sec TM and o € sec A'T*M. The torsion and curvature tensors
of an affine connection D are the mappings [8, 9, 11] T : sec(A'T*M@TM QT M) — F(M)
and R :sec(TM @ A'T*M @ TM ® TM) — F(M) given by

T(o,u,v) = a(t(u, v)), 3)

R(w,a,u,v) =a(p(u, v)w), 4)

where F (M) is the set of functions on M.

Given an arbitrary moving frame {e,} on T M, let {87} be the dual frame of {e,} (i.e.
0°(ey) = 82). Let also {e*} be the reciprocal basis of {eg}, i.e., g(e%, eg) = Bg‘ and let {6, } be
the reciprocal basis of {6”}, i.e., 6, e = 85. We write

les, €] = cgﬁep, De,es = Lgﬂep, (5)

where ¢ p are the structure coefficients of the frame {e, } and L o p are the connection coefficients
in this frame. Then, the components of the torsion and curvature tensors are given, respectively,
by

T(0% eq,ep) = Tyy = Ly — L, —cly

op
0)

Roe,, 0%, ey, €p) = R, op = ea(Lf;M) —eg(Ly,)+LL, LY, — Ly, LY, —cogll,. (
We can easily verify that defining

Ryvap = 8upRu"ap (N
it follows that

R,uvotﬁ = Rv;wtﬂ = Ruvﬂa- (8)
Remark 3. When the torsion tensor of D is null, besides the symmetries given in
equation (8), the symmetry

Ryvap = Rpapv ©))

also holds.

© For the conventions used for those tensors in this paper see the appendix.
7 The connection satisfying Dg = 0 and 7 = 0 is unique and is called the Lévi-Civita connection of g.
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Now, taking into account equation (8) we introduce also a ‘physically equivalent’ Riemann
tensor R by

R=1R,up0" A0’ ® 0% AOF = LR™,p0, A6, ® 0% AOF
=R Y0" NO" R0y A Op. (10)
In addition,
dor = —31ch,0% A 6P, D, 0" = —L},6° (11)
where wj; € sec A'T*M given by
w/’; = LgﬂQ", (12)
are the so-called connection I-forms [8, 11] relative to the cobasis {0*}. Moreover, the
T* € sec A>T*M are the torsion 2-forms and the Rg € sec A>T*M are the curvature 2-forms
[8, 11], given respectively by

TP = 3T560% A 6P, RY = 1R, apt® A OP. (13)

Multiplying equations (6) by %9”‘ A 6% and using equations (11) and (13), Cartan’s structure
equations are derived:

Tﬂ:d9p+a)§/\9‘3, Rﬁ:dwﬁ+w§/\w5. (14)

Definition 4. A Riemann—Cartan spacetime is a pentuple (M, g, D, tg, 1) where (M, g, D) is
a Riemann—Cartan structure, and we suppose the existence of a global T, € sec A*T*M (which
as well known defines an orientation for M). Moreover, 1 denotes that the Riemann—Cartan
structure is time oriented. See, e.g., [25, 27] for details.

Pentuples (M, g, D, t,, 1) represent gravitational fields in the so-called Riemann—Cartan
theories. In the theory presented, e.g., in [16], the equations of motion are the Einstein
equation,

G=T, (15)

where G € sec TZOM is the Einstein tensor, T € sec TZOM is the canonical energy—momentum
tensor of the matter fields, and the algebraic identity

T(xﬂ = Jotﬂ» (16)

where the Yo € sec A'T*M are such that their components are the so-called modified torsion

tensor components, and the «J,5 € sec A>T*M are the spin angular momentum densities of
g

the matter fields®. Also, the symbol  denotes the Hodge star operator associated with the

. g
metric g.

Remark 5. It is crucial to observe that for a general Riemann—Cartan structure, G =
G,o0*®0"and T = T,,0" ® ¥ are not symmetric, i.e. G, # G,, and T),, # T,,. We
recall that

G;w = R;w - %g;va (17)

8 The components of Jup € sec A'T*M are the standard (field theory) canonical spin angular momentum of the
matter fields. In the Riemann—Cartan theory of [16], since equation (16) is an algebraic identity, it is possible to
eliminate completely the torsion tensor from the theory and to write an Einstein equation involving the Einstein tensor
of the Lévi-Civita connection of g (using the decomposition presented in appendix B) and a metric energy—momentum
tensor that is equivalent to the Belinfante symmetrization of the canonical energy—momentum tensor of the theory.
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where R,,, are the components of the Ricci tensor (which, as G, are not symmetric)
Ricci = R,,0" ® 0" := R,”,,0" ® 6", (18)
and R = g""R,,”,, is the curvature scalar.

It is also well known that in GRT a gravitational field generated by a given matter
distribution (represented by a given energy—momentum tensor T € sec TZOM ) is represented
by a pentuple (M, g, D, 3, 1)? and the equation of motion (Einstein equation) is given by

G="T (19)
and in this case the tensors G and T are symmetric.
Remark 6. Inthe appendix we review how to write the Riemann curvature tensor (respectively
the Einstein tensor) of a Riemann—Cartan structure (M, g, D) in terms of the Riemann

curvature tensor (respectively the Einstein tensor) of a Lorentzian structure (M, g, b). Those
results are important for a proper understanding of this paper.

2.1. The Bianchi identities
Given a general Riemann—Cartan structure (M, g, D) we have the following identities:

DT =R} A6F, (20)
DRY =0, (21)

known respectively as the first and second Bianchi identities (see, e.g., [8, 27]). In the above
equations, D is the exterior covariant derivative of indexed form fields [4, 27], whose precise
definition is recalled in appendix A. Now, the coordinate expressions of equations (20) and
(21) can be easily found and are respectively [8, 28] written as

Z RyPap = Z (D“Tapﬁ - L’c(ﬂTpr)’ (22)
(nap) (nap)

Z DuRg',, = Z TRE s (23)
(vp) (nvp)

where Z( vp) denotes (as usual) the cyclic sum. For future use we observe that

1 o o o nw o ﬁ
(Ru ap + R g+ Rp W)Q ANOY ABP. (24)

3!

a B _
Rﬁ/\e =

Remark 7. For a Lorentz structure (M, g, [)) the Bianchi identities reduce to
R A0 =0, DR =0,

or in components:

> Ry ap =0, > DuR§,, =0.

(nap) (1vp)

9 In fact a gravitational field is defined by an equivalence class of pentuples, where (M,g, D, 7g, 1) and
M', g, D, té, 1’) are said to be equivalent if there is a diffeomorphism h : M — M’, such that g’ = h*g,
D’ =h*D, 1y = h*tg,1'= h" 1, (where h* here denotes the pullback mapping). For more details, see, e.g.,
[25, 27]. With the above definition we exclude from our considerations models with closed timelike curves, which
according to our view are pure science fiction.
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3. Ricci and Einstein 1-form fields

Given R, and G,,, respectively the components of the Ricci and Einstein tensors (in the
general basis introduced above) we define the Ricci (R* € sec A'T*M) and the Einstein
(G* € sec A'T*M) 1-form fields by'°

R¥ := R"6", gt = Ghe'.
For future use we introduce also the energy—-momentum 1-form fields T# € sec A'T*M by
T = T4, (25)

Also

«TH = TH %"
4 4

1
= y(TA; |detg|gu’(6mka)9l YNCAWNCAS (26)

Proposition 8. /The dual of the Ricci and Einstein 1-form fields, i.e. xR* € sec A3T*M
g

and xG® € sec A3T*M, can be written as
g

*Ra:—*R%/\G’g:—GﬂA*Ra, 27
g g g
;gﬂ = —1Ras /\;(9"‘ INLINDY (28)

where Rf, = SR, 4p0% A 0P and R, := 5 Rypapd® A 6°.

Proof. Using some of the identities in appendix C we can write immediately

0P AN*R,, = — % (0° IR
7 e 2 ( z o)
= =+ 3R 0% 7 O")] = = x (Rupapg™ ")
= 1 (REug0") = — % (Ryp0")
=—xR s
A

and equation (27) is proved.
Now equation (28) is evinced. By taking some of the identities in appendix C, we can
immediately write

TRag A ;(9“ NOPANOP) = ] * [Raﬁg(ea NN

— 3 Rapuc ¥ [(0° A 0°) (0% A 6P A07)]
g g

— 2 Ropuc * [(0' (0 2(0% AP A OP))]
g 4 g
= —* (R’ — 1R0"),
4

and equation (28) is proved. ]

10To the best of our knowledge the dual of the Ricci and Einstein 1-form fields first appear in [30]. See also [4, 11].
1 Proofs of this proposition can also be found, e.g. [4, 11, 30]. The proof here seems a very simple one and it is given
here for completeness of our exposition and benefit of the reader. Also in [26], using the Clifford bundle operator,
it has been identified that the Ricci 1-forms can be obtained by application of the Ricci operator d A 9 to the 1-form
fields 6%, i.e. (0 A 0)0% = R*. Here 0 = GKDEK is the Dirac operator [23] acting on sections of the Clifford bundle.

6
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Remark 9. Recall that

* Ryp 1= IR pap * (0% A %)

= lleaﬂ% |detg|gakgﬂlém)«re N7 = %(%V |detg|€’”)“’RM’;t)9)\ A 67

1 g*
= 2Rupxa'9 ABO°
= 3R,/ |detgl6” A 67, (29)
with
Rl o = %‘/|detg|e,a,\gR";ﬂ, and R o = %EKLMR";ﬂ, (30)

and so it follows that

*Ryp AP = 3RY ;0% AO7 NG = 1R;Wep AN
=35 (3R, 007 A" AO7 + 3R, 00 A0T AOP + IR 07 NG AGY) (31)
= 3l (R:Lp)»a Rlop + uapx) 0° A6+ NO7
= 3 (R + Risgp + Rigpn) V1detgle” A 6> n6°, (32)
and taking into account equation (27) it reads
;Ru = _% (R;p)\a + R 0p + R;apx) Vdetg|6? A6* A 67, (33)

4. The dual of Einstein equation in Riemann—Cartan theory

We now return to equation (15) which in components can read'?
Ruv — 38R = Ty (34)

Multiplying this equation on both sides by 8" and recalling the definitions of the Ricci, Einstein,
and the energy—momentum [-form fields given above we have

gu == TIJ« (35)
Taking the dual of this equation we obtain

=xR, — LRx0, =T 36
§ O = R RO = 6o

Taking equations (33) and (26) into account, equation (36) can be expressed as

_% (R;pka + R;.)»Up + R;apx + %Raﬁemxa) IdethGp NN
= LTy, 8" €ero)V/1detg|0” A 6% A 67,
or equivalently

(R}

* * 1 _ K
foro ¥ Ry + Rigpr + 3R€up10) = €pon TS 37)

12 Note that in equation (34) Ry, and T}, are not symmetric.
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4.1. The field and structure equations

We now summarize the field and Bianchi identities for a Riemann—Cartan theory where an
Einstein-like equation holds. Those equations can be written conveniently in intrinsic and
component forms respectively as

1
;QM = ;Ru - ER ; O, = ;TM (38)
DT¢ =R§ A 67, (39)
DR =0, (40)
1

(R;pw + R;Mp + R,*wm + ERGM,M) = €pion [, © Gy = Ty, 41
Z Ruprxﬂ = Z (Dquaﬁ - T;Zs Tpm) ’ (42)
(nap) (nop)

Y DuRpary = ) Tl Rpap- 43)
(nvp) (1vp)

In a GRT model it follows that

. . 5 1. .
* * * _ K _
<RMM + RMM + RMW + EREWM = ep,\(,KTu & Gy =Ty,

S Rupus =0, 3 DuRpoup = 0.

(nap) (uvp)

(44)

Remark 10. Before proceeding we want to emphasize that equations (20) and (21) (the
Bianchi identities) do not imply in general in the validity of the analogous equations for the
duals of the torsion and curvature 2-forms, i.e. in general'?

D« T # +R§ A 67, (45)
g g

D * R # 0. (46)
g

5. Are xT“ and xR j the torsion and curvature 2-forms of any connection?
g g

Despite the fact aforementioned in the last remark, we may pose the question: can *7* and
g

*Rj be the torsion and curvature 2-forms of a g-metric compatible connection, sayD’, which

g

defines on M the Riemann—Cartan structure (M, g, D’) where also an Einstein-like equation
is valid? If the answer is positive, the following set of equations must hold:

*G =*R, — 1R %0, =T
g g 2 g T
DT =Rj A6F, 47)
I
DRy =0,
13 In particular, a correct expression for D g T*“ has been found in [28].

8
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and since by hypothesis *7* = 7 and ¥Ry = Ry, considering G, = gl;, Ry =R,
g g

R*=R = g“ﬁR op 1t must be
*Gr =R — —R**@M _*T’
g g
D «T% = «R% A 6P, (48)
g g’

D/*Ra:
¢ P

or in component form (and obvious notation)

1
<Rup)\’o‘ + Rukap + le-p)\ + ER*EMp)\(,) = Gp)\g,(T <~ G = ,tiv’ 49)
ZRﬂpaﬂ - Z ( ;t ;aﬂ Tuﬂ pm)’ (50)
(napB) (napB)
5 DRy = X TR -
(nvp) (1vp)

Consequently, among the possible constraints in order to have a positive answer concerning
the question in the head of the section, the following two non-trivial constraints are derived.

(a) Using equations (41) and (50), it follows that

Ep”\""T 2R6W’)“°' = Z ( ;L /;kaﬂ Tuﬁ pkot)' (52)
(nap)

(b) Using equations (49) (42) we must have

1
pon T = =R*€upro = Y (DuTpap — TipToar) - (53)

2
(nap)

Let us analyze what those constraints imply if we start with (M, g, D), a Lorentzian
structure (part of a Lorentzian spacetime structure) representing a gravitational field in
GRT. In this case the second member of equatlon (53) must equal zero, and taking 1nt0
account that R = 7/ := T" and R* = —T' := T’K we obtain that the structure (M, g, D"
must also be forsion-free and the followmg constraints must hold:

€prok T: = _ETE}L,())»(I? €prok TliK = _ETIE}L/O)\G’

, , (54)
5 DR = X Duts
(nvp) (uvp)

6. A particular case

Suppose we have as postulated'# in [1] a Riemann—Cartan structure where equations (41)—(43)
read

141t is obvious from our previous considerations that the equation (R* oo T R;M »+ R,*w o) = €pnox T, presented
in [1] as an identity is in general wrong and invalidates most of the conclusions of that paper. Also note that in [1] it
is defined a Hodge dual with respect to the first pair of indices. However, since they start from a Lorentzian structure
(where torsion is null) we have the validity of equation (9) and so in deriving equation (41) taking the dual with
respect to the first or second pair of indices does not matter.
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(R;pka + Rlop + R;*wpk) = €proc ) = Guv =Ty, (55)
Z Rp.paﬂ = Gpaﬁr(@;s (56)
(nap)
> DyuRpary = 0. (57)
(vp)

It is obvious that we must then have

R =0, 6004‘3'(@2 = Z (Dquaﬁ - T;fﬂpr) ) TvK;,LRﬁaKp =0,
(nap) (nvp)
and comparing equation (53) with equation (47) we obtain
€oroc T+ 3T €upro = €pap O . (58)
So a Riemann—Cartan structure satisfying equations (55)—(57) is possible only for matter

distributions with 7 = T = 0 and which obey very stringent constraints.
Also, [1] choose as ‘dual equations’ the following set:

1
<R;1.p)»cr + R;Map + Ru,ap)\ + ER*Euer) = EpAaKG)Z — G;*w = ®u,u’ (59)

D Ripes = €pap T (60)
(nap)
> DiiRbay =0 (61)
(1vp)

which, of course, must imply

R* =0, (62)

€oopc Ty = D (DT s = T Trva) (63)
(napB)

> TR, =0. (64)

(nvp)

Comparing equation (64) with equation (52) implies again that R = 0. So we end with the
following constraints, necessary for the validity of the equations proposed in [1]:

Tr =0, T=TF=0, 0 =0"=0,

€papc® = Y (DuTpup — TisToar) - papi Ty = O (D) T — TokTr,) . (65)
(napB) (nap)

> TR =0 Y T Ry =

(1vp) (1vp)

Such constraints are clearly violated by the examples in [1].

7. Is there a metric g’ and a metric connection D’ such that x7* and *Rj are their
g g

torsion and curvature forms?

Now, we can also put the question: in which conditions may we conceive that *7* and xR} are
g g

the torsion and curvature 2-forms of a g’-metric compatible connection, say D’, which defines

10
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on M the Riemann—Cartan structure (M, g’, D’) where an Einstein-like equation holds, i.e.
(with obvious notation) the validity of the following set of equations (R’ = g’*/ R}, ;):

/ / 1 p/ /
*G =*R —sR %6, =T
M ,
g b T g 2T g I3

g
DT =Rg 67, (66)
D'RY =0.
Since by hypothesis we must have *7* = 7' and ¥R = Ry, calling R* = g R/t;ﬂ the
g

g
set of equations (66) must be equal to

* * _ 1 p* _ /
;gu_;Ru 2R *,QM_*TM

g g
D' » T = «R§ A6, (67)
8 8
D/ * o ,
g B

which are similar but not identical to the set given by equation (48). Due to their complexity
we shall not inspect the nature of those equations solutions, a problem postponed for another
publication.

Remark 11. The constraints concerned in this case are more involved than in the previous
case, but we want to emphasize here that if we start with (M, g, b), a Lorentzian structure (part
of a Lorentzian spacetime structure) representing a gravitational field in GRT, the structure
M, g, b’) will be also torsion-free. Here we recall that [10] investigated long ago a similar
problem (but only in the linear approximation) and found a positive answer for the question
at the head of this section.

8. Conclusions

In this paper we present the correct constraints that must be satisfied by any theory (in a four-
dimensional manifold) that intends to provide a dual presentation of the gravitational field
equations for a general Riemann—Cartan theory. We compare our results with some of those
proposed by authors quoted in the introduction and present some constructive criticisms. We
hope that since the subject of duality becomes more important each day in, e.g., non-Abelian
gauge theories, gravity and M-theory our results shall become appreciated.
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Appendix A. Exterior covariant derivative D

Sometimes equations (14) are written by some authors as
o — TP “Del = RP”
DO? =T°*, Do), = R)”.

and D : sec AT*M — sec AT*M is said to be the exterior covariant derivative related to
the connection D. The second of equations (14) has been printed with quotation marks due
to the fact that it is not a correct equation. Indeed, a legitimate exterior covariant derivative

11
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operator' is a concept that can be defined for (p + g)-indexed r-form fields'® as follows.
Suppose that X € sec Tp”qM and let Xﬁ',jjﬁ:” € sec A"T*M, such that for v; € secTM,
i=0,1,2,... r then X\, (v, ..., v.) = X(vi, ..., v, €0, ..., €0, 0", .., 0M). The
exterior covariant differential D of X ffl‘,jj}f:” on a manifold with a general connection D is the
mapping

D: secA'T*M — sec A™"'T*M, 0<r<4, (A.1)

such that!”

(r + DX} (o, vis - )

.\)q

.
=D (D' De, X (00, V1. o Dy oo Uy gy O 08
v=0

v+ ~ ~
— E (=D X (TUa, V), V0, Vs e vy Dy evvy Vs vevy Upy @4y, cos ey, 0101,
0<A,o<r

(A.2)
Then, we may verify that
DXy, = dX0 0+ @l A XD T ol A X
ol A XY = — ol A X
Remark 12. Note that if equation (A.2) is applied on any one of the connection 1-forms
! we would obtain D! = dof + wh A o) — of A wk. So we see that the symbol Dw!' in

equation (14), supposedly defining the curvature 2-forms, is simply wrong, despite this being
an equation printed in many physics textbooks and many professional articles.

A.l. Properties of D

The exterior covariant derivative D satisfy the following properties:
(a) For any X’ € sec A"T*M and YX € sec A*T*M are sets of indexed forms'$,

DX/ AYE)=DX' AYE +(—1)* X’ ADYX. (A.3)
(b) For any X*1*» € sec A"T*M,
DDXHHr = dXHHr 4 RITA XF e o Ry A XH (A4

(c) For any metric-compatible connection D if g = g,,0" ® 6" then Dg,,, = 0.

Appendix B. Relation between the Riemann curvature tensors of the Lévi-Civita
connection of ¢ and a g-compatible Riemann—Cartan connection

Let (M, g, D) and (M, g, D) be respectively a Lorentzian and a Riemann—Cartan structure'”
on the same manifold M such that

Dg =0, Dg =0, (B.1)

15 Sometimes also called the exterior covariant differential.

16 Which is not the case of the connection 1-forms w¢, despite the name. More precisely, the wg are not true indexed
forms, i.e. there does not exist a tensor field w such that w(e;, eg, 9) = a)g (e;).

17 As usual the inverted hat over a symbol (in equation (A.2)) means that the corresponding symbol is missing in the
expression.

18 Multi indices are here represented by J and K.

19 Note that (M,g, D)and (M, g, lo)) are in general Riemann—Cartan—Weyl structures. More general formulas relating
two arbitrary general connections may be found, e.g., in [27].
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with the nonmetricity of D associated with ¢ being given by Q := —Dg. Let moreover
the connection coefficients of D and D in the arbitrary bases dual bases {e,} and {#”} for
TUCTMand T*U C T*M be

Dy,07 = —Ih,0°, Dy,0” = —Lh,0°, (B.2)
and Qugs = —Du8ps. Define the components of the strain tensor of the connection D
(associated with b) by
Sap = (Lag + Lap) — (Top +T55) (B.3)
It is trivially established that
P __ TP Lpp L¢P
Lby =10+ T8 + 150, (B.4)

where ﬁgﬁ are the components of the Lévi-Civita connection of g and 7/, s are the components
of the torsion tensor of D*°.

Equation (B.4) can be used to relate the covariant derivatives with respect to the
connections D and D of any tensor field on the manifold. In particular, recalling that
Dyépo =€u(8p0) — 8o 1"*5/3 — 85, 0% = 0, we obtain the expression of the nonmetricity
tensor of D in terms of the torsion and the strain, namely

Qups = %(g’uo Taﬁ,Ls + gﬂMTap;r) + %(éﬂﬂsgﬁ + §5u550)- (B.5)

Equation (B.5) can be inverted to yield the expression of the strain in terms of the torsion and
the nonmetricity. We obtain

Sty =& (Qupo + Qpow — Qoup) — 8" (2pu Tl + &anThy)- (B.6)
From equations (B.5) and (B.6) it is clear that nonmetricity and strain can be used

interchangeably in the description of the geometry of a Riemann—Cartan—Weyl space. In
particular, we have the relation

Qaﬁa + Qaaﬁ + Qﬁaa = Sot,Ba + Savtﬂ + Sﬁaou where Saﬂa = épa SS/S (B7)
In order to simplify our next equations, let us introduce the notation
° 1
Ky =Lby—Thy = 5(Tys + Siy). (B.8)
From equation (B.6) it follows that
Koy =—38"" (Dudpo + DpBoa — Dodap) — 58" (8ua Ty + 8upTLe — 8uoTop)- (B.9)

Note also that for Dg = 0, K [fﬂ is the so-called contorsion tensor.

Returning to equation (B.4), we obtain now the relation between the curvature tensor
R, "sp associated with the connection D and the Riemann curvature tensor %,z of the Lévi-
Civita connection D associated with the metric g. We obtain, by a straightforward calculation,

R;/.paﬂ = j‘eupzxﬂ + J;/.p[(xﬂ]» (BlO)
where
Jiop = DK, — K5 KG, = DKy, — K2y K, + K5 K2, (B.11)

Multiplying both sides of equation (B.10) by %9"‘ A 68 we obtain
RO =R +30, where 30 = 1J,74p0% A 67 (B.12)

From equation (B.10) we also obtain the relation between the Ricci tensors of the connections
D and D. The Ricci tensor is defined by

Ricci = Ryo dx" @ dx”, where  Ryq := R,%p. (B.13)
20 More details may be found, e.g., in [27].
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Then we have

o

Ruo = Ry + Jyas (B.14)
with
Jua = DaKfm — DpKZM + KﬁaK‘;M — KZUKZM
= D, Kp -D, K” - K7, K" +K" K". (B.15)
Observe that since the connection D is arbltrary, 1ts Ricci tensor will be not be symmetric

in general. Then, since the Ricci tensor RW of D is necessarily symmetric, we can split
equation (B.14) into

Riue) = Jjuays Riua) = Ripoy + J(ua)- (B.16)

Appendix C. Some important identities

Let (M, g) be amanifold and a Lorentzian metric as defined in section 1. Let moreover AP T*M
(p =0,1,2, 3,4) be the bundle of homogeneous p-form fields and AT*M = ea‘;:OA”T*M
the bundle of non homogeneous forms fields. We define in 7*M a metric field g € sec T¢ M
such that concerning the general bases {e,, } and {6*} introduced in section 1, if g = g,,0%* ®6"
and g= g"'e, ® e, then g"*g,, = 8%. In AT*M we introduce a scalar product

CAT*M x AT*M — AT*M (C.DH

such that if A, B € sec A"T*M are simple homogeneous r-forms with A = u; A --- A u,
and B =vi A+ AV, Uy, V) € SEC A'T*M, then A - B = det(g(u;, vj)), where (g(u;, vj)
means the matrix with entries (g(u;, v;)). This scalar product is then extended by linearity
and orthogonality to all AT*M,and A- B =0if A € sec A"T*M, and B € sec A°T*M with
r # s and it is agreed thatif a, b € sec A°T*M, thena - b = ab, the product of functions.

If the metric manifold (M, g) is also endowed with an orientation, i.e. a volume n-vector
T3 € A*T*M such that 7 - Tz = —1, then a natural isomorphism between sections of A"T*M
and A*7"T*M (r =0, ..., 4) can be introduced. The Hodge star operator (or Hodge dual) is
the linear mapping ; :sec A"T*M — sec A*~"T*M such that

AN+B=(A-B)g, (C.2)
8

for every A, B € A"T*M. Of course, this operator is naturally extended to an isomorphism

x :sec AT*M — sec AT*M by linearity. The inverse »~! : sec A’T*M — sec A*"T*M
g

g
of the Hodge star operator is given by » ! = —(—1)"“")x. For anyA, B € sec AT*M

g g
A-B=(AB)y=(AB)y=B-A, (C.3)

where A means the the reverse of A. If A = u; A--- Au, then A = u, A--- Auy and
(Yo : sec AT*M — sec A°T*M is the projection of a general non homogeneous form into
the A°T*M part.

Remark 13. Suppose that {g;} is, e.g., an orthonormal basis of A!T*M and {&/} is reciprocal
basis, i.e. & - e = 85‘. Then any Y € sec A?T*M can be written as

1. 1 ‘ .
Y= —=Yidre; Ao ngj, = =Y et A el (C4)
and

Yidr =Y (87 A A g, Yi i, =Y (e, Aor-NEj). (C.5)
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We define the right and left contractions of non homogeneous differential forms as
follows. For arbitrary multiforms X,Y,Z € sec AT*M, the left (1) and right (L)
g g

contractions of X and Y are the mappings  : sec AT*M x sec AT*M — sec AT*M and
g

L:secAT*M x sec AT*M — sec AT*M such that
g

X1Y)-Z=Y - (X A2), (XLY)-Z=X-(ZAY). (C.6)
14 8

These contracted products Jand L are inner derivations on A7*M. Sometimes the contractions
g g

are called the interior products. Both contract products satisfy the left and right distributive
laws but they are not associative.

Now some important properties of the contractions used in the calculations of the text are
presented.

(i) For any a, b € sec A°T*M, and Y € sec AT*M
a_b = aLb = ab (product of functions),
¢ 8 (C.7)

aJY = Yia = aY (multiplication by scalars).
g g

(i) Ifa, by, ... b € sec AT*M, then a(by A~ Aby) = YA (=D @ bpbi A A

b; A --- A by, where the symbol b; means that the b; factor does not appear in the j-term
of the sum.
(iii) For any Y; € sec A/ T*M and Y, € sec AKT*M with j < k

Yj;Yk = (—1)1‘("—1‘)1@;)/,. (C.8)

(iv) Forany Y; € sec A/T*M and Yy € sec AKT*M
Y, Ye=0, if j>k  YuYe=0, if j<k (C.9)
g g

(v) For any Xy, Y; € sec AKT*M, then ngYk = YkEYk =X Vi =Xy Y.
(vi) Foranyv € sec A'T*Mand X, Y € sec AT*M, thenvi(XAY) = (W X)AY+X A(v2Y).
Also, if A, B € sec AKT*M then AL(BLC) = (AA B)gJC, and AI_(Bg\_C) = AL(B /fC).
(vii) if A, B € sec AT*M then £E ) £f )

(AuB)-C=B-(AAC), (BgLA)-C=B-(CAA). (C.10)
8 8

Finally we present some important identities involving contractions and the Hodge dual.
Let A, € sec A"T*M and B; € sec A*T*M,r,s > 0:

A, AxB; = B, AxA, r =s; A, -*B; = B -xA,; r+s=n,
g g g g

A AN*Bg = (_l)r(s—l) * (Ar—‘Bs); r<s,
g g g

PR (C.11)
Ara*x By = (_1)” * (A, AN By); r+s<n,
g8 g
*A, = A, s, *Tp = —1, *] = 5.
g gg g® g &
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